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A least-squares collocation meshless method based on the discrete-ordinates equation is extended to solve a

transient radiative transfer problem in absorbing, emitting, and scatteringmedia. The fully implicit scheme is used to

discretize the transient term. A moving least-squares approximation is applied to construct the trial functions. In

addition to the collocation points that are used to construct the trial functions, a number of auxiliary points are also

added to form the total residuals of the problem. The least-squares technique is used to obtain the solution of the

problem by minimizing the sum of the residuals for all collocation and auxiliary points. Three numerical examples

are studied to illustrate the performance of this new solution method. The numerical results are compared with the

other benchmark approximate solutions. By comparison, the results show that the least-squares collocationmeshless

method is efficient, accurate, and stable, and can be used for solving transient radiative transfer problems in

participating media.

Nomenclature

A = matrix defined in Eq. (7)
a = coefficients for moving least-squares (MLS)

approximation in Eq. (4)
a = vector of coefficient a
B = matrix defined in Eq. (8)
Cj = expansion coefficient of scattering phase function
Cm = coefficient defined in Eq. (14b)
c = propagation speed of radiant energy, m=s
Dm = coefficient defined in Eq. (14a)
f = coefficients in linear equations
G = incident radiation, W=m3

g = quartic spline function defined in Eq. (20)
I = radiative intensity, W=m2 � sr
~I = MLS approximant of radiative intensity, W=m2 � sr
Î = fictitious radiative intensity, W=m2 � sr
Î = vector of trial function defined in Eq. (9)
Ib = blackbody radiative intensity, W=m2 � sr
J = weighted discrete L2 norm defined in Eq. (5)
K = coefficients in linear equations
k = order of monomial basis function
L = medium thickness, side length of square enclosure,

m
l = spatial coordinate, x, y, and z
M = number of discrete ordinates
Naux = number of auxiliary points
Ncol = number of collocation points
n = number of the nodes used for MLS approximation
nw = outward unit normal vector of boundary surface
Pj = Legendre polynomial
p = monomial basis function

qx, qy = radiative heat flux in the x and y coordinate
directions, W=m2

Rm
Q = residual function for the discrete-ordinates equation

at the point xQ

r = dimensionless distance
Sn = discrete-ordinates scheme
sm = unit vector in the direction m
T = temperature, K
Tg = medium temperature, K
Tw = wall temperature, K
Tw0

= temperature of plate at x� 0;K
t = time, s
t� = dimensionless time, t� � �ct
Vx = domain of definition of the MLS approximation for

the trial function at x
wm = weight corresponding to the direction m
wMLS = MLS weight function
x = space position vector
x, y, z = Cartesian coordinates, m
�MLS = dimensionless size parameter
� = extinction coefficient, �� �a � �s;m

�1

� = function of all residuals for all collocation and
auxiliary points

�t = time step, s
�t� = dimensionless time step, �t� � �c�t
�x, �y = average nodal spacing between two neighbor

collocation points in x and y coordinate directions,
respectively

"w = wall emissivity
�a = absorption coefficient, m�1

�s = scattering coefficient, m�1

�, �, � = direction cosines of discrete ordinates
� = Stefan–Boltzmann constant, W=m2 � K4

�x, �y = optical thickness variables, �x � �x, �y � �y
�L = optical thickness of plate, �L � �L
� = scattering phase function
	 = shape function
! = single scattering albedo,��s=�

Subscript

w = value at boundary wall

Superscripts

old = value of the last time calculation

Received 20 August 2005; revision received 15 February 2006; accepted
for publication 24 February 2006. Copyright © 2006 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved. Copies of
this paper may be made for personal or internal use, on condition that the
copier pay the $10.00 per-copy fee to the Copyright Clearance Center, Inc.,
222 Rosewood Drive, Danvers, MA 01923; include the code $10.00 in
correspondence with the CCC.

∗Ph.D. Candidate, School of Energy Science and Engineering, 92 West
Dazhi Street; tanjy@hit.edu.cn.

†Professor, School of Energy Science and Engineering, 92 West Dazhi
Street; lhliu@hit.edu.cn (corresponding author).

‡Professor, School of Energy Science and Engineering, 92 West Dazhi
Street; libingx@hit.edu.cn.

JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER
Vol. 20, No. 4, October–December 2006

912



m, m0 = discrete-ordinates direction
MLS = moving least-squares approximation

I. Introduction

I N the past decade, transient radiative transfer (TRT) in
participating media has received considerable attention in many

emerging applications. The recent developments in microscale
systems [1], pulsed laser interaction with materials [2,3], optical
tomography [4,5], laser therapy [6], and other applications have
indicated that TRT is an important process that requires rigorous
study. Many analytical studies and numerical models of TRT have
been conducted. Brewster and Yamada [7] reported a computational
and experimental investigation regarding the feasibility of deter-
mining optical properties of turbid media from picosecond time-
resolved light scatteringmeasurements in conjunctionwith diffusion
theory predictions andMonte Carlo (MC) simulations. Guo et al. [8]
simulated three-dimensional TRT for short pulse laser transport in-
scattering and absorbingmedia by theMCmethod. The experimental
results of 60 picosecond pulsed laser transmission in-scattering
media were presented and compared with simulation. Good agree-
ment between the MC simulation and experimental measurement
was found. Gentile [9] presented a method for accelerating time-
dependent implicit MC radiative transfer calculations by using a
discretization of the diffusion equation to calculate probabilities that
are used to advance particles in regions with small mean free paths.
To reduce the computational time, Lu and Hsu [10] employed the
reverse (backward) MC method to solve a one-dimensional TRT
problem in participating media. Sakami et al. [11] developed a time-
dependent discrete-ordinatesmethod to analyze ultrashort light pulse
propagation in a two-dimensional anisotropically scattering me-
dium. Wu and coworkers [12–14] and Tan and Hsu [15,16] used a
time-dependent integral equation (IE) formulation to develop
transient radiative transfer modeling. Chai and coworkers [17–19]
used thefinite-volumemethod to calculate transient radiative transfer
within a semitransparent media. Wu and Ou [20] employed a
modified differential approximation and a hybrid of theP1=3 approxi-
mation to solve a transient radiative transfer problem within a
participating medium exposed to collimated irradiation.

Because the problem domain needs to be discretized into a mesh,
these traditional methods, especially the finite-volume method and
the finite element method, suffer from drawbacks such as tedious
meshing and remeshing. The meshless method [21–24] has been
proposed for the problem of computational mechanics in order to
avoid the tedious meshing and remeshing. The meshless method is
used to establish a system of algebraic equations for the whole prob-
lemdomainwithout the use of a predefinedmesh.Recently,meshless
methods were introduced into the radiative heat transfer community.
Liu [25,26] employed the meshless local Petrov–Galerkin (MLPG)
method [23–25] to solve a steadymultidimensional radiative transfer
problem. Although the MLPG possesses several advantages, one of
the major difficulties in the implementation of MLPG is the
numerical integration.

Recently, Zhang et al. [27] proposed a least-squares collocation
meshless (LSCM) method for computational mechanics problems.
In the LSCM implementation, a moving least-squares (MLS) ap-
proximation [21–24] is employed for constructing the trial functions.
In addition to the collocation points that are used to construct the trial
functions, a number of auxiliary points are also added to form the
total residuals of the problem. The least-squares technique is used to
obtain the solution of the problem by minimizing the sum of the
residuals for all collocation and auxiliary points. The LSCMdoes not
require any mesh so that it is a truly meshless method, and the
difficulties in obtaining exact numerical integration are avoided.
Recently, Tan et al. [28] employed the LSCM approach to solve
problems involving steady radiative and conductive heat transfer.
The results show that the LSCM approach is efficient, accurate, and
stable, and can be used for solving steady coupled radiative and
conductive heat transfer problems in absorbing, emitting, and
scatteringmedia. In this paper, we extended the LSCMmethod based
on the discrete-ordinates equation to solve a transient radiative trans-

fer in semitransparent participating media. Three numerical ex-
amples are studied in order to illustrate the performance of this new
solution method in solving transient radiative transfer problems.

II. Mathematical Formulation

A. Transient Radiative Transfer Equation

Consider radiative transfer in an enclosure filled with a
semitransparent media. The discrete-ordinates equation of transient
radiative transfer can be written as [17–19]
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Using the fully implicit scheme to discretize the transient term,
Eq. (1) can be rewritten as
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B. Moving Least-Squares (MLS) Approximation

In the least-square collocation implementation [27], the problem
domain and its boundaries are discretized with Ncol collocation
points. In addition to theseNcol points, anotherNaux auxiliary point is
also used in the problem domain. The collocation points are used to

construct the approximate function ~Im�x	 for the unknown radiative
intensity Im�x	 by the MLS approximation. Consider a spatial
subdomain Vx in the neighborhood of a point x and denoted as the
domain of definition for the MLS approximation of the trial function
atx, which is locatedwithin the problemdomain. To approximate the
distribution of the radiative intensity Im inVx, over a number of local

nodes fxig, i� 1; 2; . . . ; n, the MLS approximant ~Im�x	 of Im,
8 x 2 Vx, can be defined by [21–24]

~I m�x	 �
Xk
j�0

pj�x	aj�x	 � pT�x	a�x	 (4)

where pT�x	 � �p1�x	; p2�x	; . . . ; pk�x	� is a complete monomial
basis function of order k, and a�x	 is a vector containing coefficients
aj�x	, j� 1; 2; . . . ; k, which are functions of the spatial coordinates
x� �x; y; z�T . The coefficient vector a�x	 is determined by mini-
mizing a weighted discrete L2 norm, defined as [21–24]

J�a�x	� �
Xn
i�1

wMLS
i �pT�xi	a�x	 � Îmi �2 (5)

where xi denotes the value of x at node i; Î
m
i in Eq. (5) is the fictitious

nodal intensity;wMLS
i �x	 is theMLSweight function associated with

node i, with wMLS
i �x	> 0 for all x in the support domain Vx of

wMLS
i �x	; and n is the number of nodes in Vx for which the weight

functionswMLS
i �x	> 0. Here, Îmi in Eq. (5) is a fictitious nodal value

and not the nodal value, of the unknown trial function ~Imi in general.
Minimization of J with respect to a�x	 leads to the following

linear relation between a�x	 and Îm [21–24]:

TAN, LIU, AND LI 913



A �x	a�x	 �B�x	Îm (6)

where the matrices A�x	, B�x	 and Îm are defined by [23–25]

A �x	 �
Xn
i�1

wMLS
i �x	p�xi	pT�xi	 (7)

B �x	 � �wMLS
1 �x	p�x1	; wMLS

2 �x	p�x2	; . . . ; wMLS
n �x	p�xn	� (8)

Î m � �Îm1 ; Îm2 ; . . . ; Îmn � (9)

Solving for a�x	 from Eq. (6) and substituting it into Eq. (4) gives a
relationwhichmay bewritten in the form of an interpolation function
as

~I m�x	 �
Xn
i�1

	i�x	Îmi ; 8 x 2 Vx (10)

where

	i�x	 �
Xk
j�1

pj�x	�A�1�x	B�x	�ji (11)

Here, 	i�x	 is the shape function of the ith node determined using the
nodes that are included in the spatial subdomain Vx of x [21]. The
partial derivatives of the shape function are obtained as [21–24]

	i;l�x	 �
Xk
j�1

fpj;l�A�1B�ji � pj�A�1B;l � �A�1	;lB�jig (12)

where � 	;l � @� 	=@l represents the derivative with respect to spatial
coordinate l, l� x, y, z.

C. Discretization and Numerical Implementation

Substituting Eqs. (10–12) into Eq. (3), we can obtain the following
residual function Rm

Q for the discrete-ordinates equation defined in

the problem domain

Rm
Q �

Xn
j�1

Dm�	j�xQ	�Imj � Cm�xQ	;

Q� 1; 2; . . . ; Ncol � Naux

(13)

where

Dm�	j�xQ	� � �m	j;x�xQ	 � �m	j;y�xQ	 � �m	j;z�xQ	
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Then, we obtain the following functional of all residuals for all
collocation and auxiliary points

��
XNcol�Naux

Q�1

(Xn
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Dm�	j�xQ	�Imj � Cm�xQ	
)

2

(15)

Minimizing the functional�with respect to the radiative intensity Imi ,
we have

@�
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Dm�	j�xQ	�Imj �Cm�xQ	
�
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i� 1; 2; . . . ; Ncol (16)

This leads to the following discretized system of linear equations:

XNcol

j�1

Km
ij I

m
j � fm

i ; i� 1; 2; . . . ; Ncol (17)

where

Km
ij �

XNcol�Naux

Q�1

Dm�	j�xQ	�Dm�	i�xQ	� (18a)

fm
i �

XNcol�Naux

Q�1

Cm�xQ	Dm�	i�xQ	� (18b)

It is noted that the shape function and its derivatives are
independent of the values of radiative intensity. Therefore, the
iteration is linear. Equation (17) is solved independently for each
direction, and the boundary conditions [Eq. (2)] must be imposed on
the inflow boundary. For each node i on the inflow boundary, the
radiative intensity Imi is given by Eq. (2), and the boundary condition
can be directly imposed as follows:

Km
ij �

�
1 i� j
0 i ≠ j

(19a)

fm
i � Imi (19b)

Because the in-scattering term of the discrete-ordinates equation in
direction m contains the radiative intensities of the other directions,
global iterations similar to that used in the discrete-ordinates method
are necessary in order to include the source and boundary conditions.

The implementation of the LSCM method for solving a transient
radiative transfer problem can be carried out according to the
following routine:

1) Choose a finite number of collocation points in the problem
domain and its boundaries. Select the basis function and the MLS
weight function.

2) Use the collocation points to construct the MLS approximation

function ~Im�x	 at all of the collocation and auxiliary points. Calculate
shape function 	i�xQ	 and the first order derivatives.

3) Calculate the coefficients defined in Eqs. (18a) and (18b), and
solve the linear system Eq. (17) to obtain the fictitious nodal values

Îm for each discrete direction.
4) Terminate the iteration process if the specified stopping

criterion is satisfied. Otherwise, go back to step 3.
5) Go back to step 3 to carry out the calculation for the next time

step.

III. Results and Discussion

To verify the accuracy of the LSCMapproach for solving transient
radiative transfer problems in absorbing, emitting and scattering
media, three particular test cases are examined. A computer code
based on the preceding calculation procedure was written. Node
densification and the dimensionless size parameter studies are also
performed. For the following numerical study, the function of quartic
spline with compact supports is used to construct the weight function
for the MLS approximation

g�r	 �
�
1� 6r2 � 8r3 � 3r4; r 
 1

0; r > 1
(20)

For the sake of comparison, the relative error based on the data in
references is defined as
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relative error � 100

� �R L
0 �data obtained by LSCM data in references	2 dx�1=2R

L
0 data in references dx

(21)

A. One-Dimensional Absorbing, Nonemitting, and Scattering

Medium Between Parallel Black Plates

Weconsider a transient radiative transfer problem in an absorbing,
nonemitting, and isotropically scattering medium bounded by two
parallel black plates. The plates and the medium are initially at
absolute zero (0 K). The thickness of the medium isL. At time t� 0,
the temperature of the left boundary (x=L� 0) is suddenly raised to
provide an emissive power of �T4

w0
� 
 for all subsequent time. The

optical thickness �L � �L and the scattering albedo! of medium are
1 and 0.5, respectively.

The LSCM approach is used to solve for the dimensionless
incident radiation and radiative heat flux in the medium. Ncol � 21
collocation points are uniformly distributed in the problem domain
and on its boundaries. In addition,Naux � 20 auxiliary points are also
used in the problem domain. The equal weight even quadrature S12 is
selected to discretize the angular space. Themonomial basis function
pT�x	 � �1; x; x2� is used, and the weight function for the MLS
approximation is given as follows [21–27]:

wMLS�x � xi	 � g

����� x � xi
�MLS�x

����
�

(22)

where �x is the average nodal spacing between two neighboring
nodes and �MLS � 2:5 is used for the MLS approximation. For all
computations in this case, the dimensionless time step is taken as
�t� � 0:005.

The profiles of dimensionless incident radiation and radiative heat
flux are shown in Figs. 1 and 2, respectively, and compared with the
exact values obtained by Tan and Hsu [15] using the IE method. The
LSCM results agree with the data obtained by Tan and Hsu [15] very
well. The maximum relative error of the dimensionless incident
radiation and the dimensionless radiative heat flux are less than 4.1
and 5.3%, respectively.

The effects of the dimensionless time step are shown in Figs. 3 and
4. It can be seen that, by decreasing the time step, the LSCM results
are closer to the exact values obtained by Tan and Hsu, but more

computational time will be consumed. Even with the dimensionless
time step of �t� � 0:01, the comparison is quite good.

B. Two-Dimensional Absorbing and Emitting Medium in Irregular

Quadrilateral Enclosure

As shown in Fig. 5, we consider an irregular quadrilateral
enclosure (all dimensions are in meters). The enclosure is filled with
an absorbing and emitting medium. The absorption coefficient is
taken to be 1 m�1. The medium and black enclosure walls are
initially kept at 0 K. At time t� 0, the medium is suddenly increased
to a constant temperature of Tg.

The LSCM approach is used to solve for the transient evolution of
radiative heat fluxes on the bottom wall. As shown in Fig. 5, Ncol �
256 collocation points are distributed in the problem domain and on
its boundaries. In this case, no auxiliary points are used. The equal
weight even quadrature S8 is selected to discretize the angular space.
Themonomial basis functionpT�x	 � �1; x; y; x2; xy; y2� is used, and
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Fig. 1 Dimensionless incident radiation distributions at different
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Fig. 2 Dimensionless radiative heat flux distributions at different
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Fig. 3 Effect of dimensionless time step on the solution accuracy for

incident radiation.
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the weight function for the MLS approximation is given as follows
[21–27]:

wMLS�x� xi	 � g

����� x � xi
�MLS�x

����
�
g

����� y � yi
�MLS�y

����
�

(23)

where �x and �y are the average nodal spacings between two
neighboring nodes in the x and y coordinate directions, respectively,
and �MLS � 2:5 is used for the MLS approximation. For all
computations in this case, the dimensionless time step is taken as
�t� � 0:025.

The dimensionless radiative heat fluxes on the bottom wall at four
different dimensionless times are shown in Fig. 6, and comparedwith
the solution obtained by Chai [18] using the finite-volume method.
The LSCM results agree with the data obtained by Chai [18] very
well. The maximum relative error is less than 1.4%.

To check the convergence of the LSCM, we use three different
collocation point numbers, namely, 121, 256, and 441, to discretize
the problem domain, and solve for the dimensionless radiative heat
fluxes on the bottomwall at dimensionless time t� � 0:25. The effect
of the number of collocation points is shown in Fig. 7. It can be seen
that, by increasing the number of collocation points, the LSCM
results are closer to the solution obtained by Chai [18]. The relative
errors are 2.3, 1.41, and 1.40% for the cases of Ncol � 121,
Ncol � 256, and Ncol � 441, respectively. As viewed from the
relative errors, there is no major difference between the results

obtained using 256 and 441 collocation points. This means that the
essential physics of themodel is independent of node number for this
casewhenNcol � 256. As shown in Fig. 7, evenwith 121 collocation
points (Ncol), the comparison is quite good. The convergence of the
LSCM is demonstrated in Fig. 7.

�MLS is an important parameter which determines the number of
collocation points in the definition domain of the MLS approxi-
mation for the trial functions. To check the effect of�MLS, we use four
different �MLS, namely, 2.1, 2.5, 3.0, and 3.5, to construct the MLS
approximation for the trial functions, and solve for the dimensionless
radiative heat fluxes on the bottom wall at the dimensionless time
t� � 0:25. Figure 8 shows the effect of �MLS. If the order of the
monomial basis function is k� 6, there are 6 undetermined
coefficients aj�x	, j� 1; 2; . . . ; 6, in the MLS approximation of
~Im�x	 [see Eq. (4)]. Therefore, the number of collocation points n in
the definition domain of the MLS approximation must not be less
than 6. To ensure the required number of points, �MLS must be larger
than 2.0. As shown in Fig. 8, when �MLS is larger than 3.0, the
numerical results will oscillate. This suggests that in order to obtain a
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Fig. 4 Effect of dimensionless time step on the solution accuracy for

radiative heat flux.
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stable solution in this case, the dimensionless size parameter should
be within the region between 2.0 and 3.0.

C. Two-Dimensional Anisotropically Scattering Medium in a Square

Enclosure

In this case, as shown in Fig. 9, we study a transient radiative
transfer problem in a square enclosure filled with an absorbing and
anisotropically scatteringmedium. The boundarywalls are black and
initially at absolute zero (0 K). At time t� 0, the temperature of the
left boundary (x� 0) is suddenly increased to provide an emissive
power of �T4

w for all subsequent time. The scattering albedo and the
optical thickness based on the side length of the square enclosure are
both set to 1.0. The medium scatters radiation anisotropically
according to the F2 phase function reported in Kim and Lee [29]:

��
X8
j�0

CjPj��	 (24)

where Pj is the Legendre polynomial. The Cj are the expansion
coefficients defined as C0 � 1:0, C1 � 2:00917, C2 � 1:56339,
C3 � 0:67407, C4 � 0:22215, C5 � 0:04725, C6 � 0:00671,
C7 � 0:00068, C8 � 0:00005. The quadrature scheme of the
discrete-ordinates equation, the monomial basis function, and the
weight function for the MLS approximation are same as those given
in case B. The selection of monomial basis function and weight
function can be seen in Wu and Ou [22] in detail.

The LSCM approach is used to solve for the transient evolution of
radiative heat fluxes on the bottom wall. As shown in Fig. 9, Ncol �
121 collocation points are uniformly distributed in the problem
domain and on its boundaries. In addition, Naux � 100 auxiliary
points are also used in the problem domain. The dimensionless time
step is taken as�t� � 0:05, and the dimensionless size parameter is
chosen as �MLS � 2:5. The radiative heat fluxes along the symmetry
line at �y � 0:5 are shown in Fig. 10 for three different dimensionless
times, namely, t� � 0:5, t� � 1:0, and t� � 8:0, respectively, and are
compared with the solution obtained by Chai [18] using the finite
volume method. The maximum relative error of the LSCM results is
3.7%. The LSCM approach has good accuracy to solve this purely
scattering transient radiative transfer problem.

IV. Conclusion

A least-squares collocation meshless method based on the
discrete-ordinates equation is extended to solve transient radiative
transfer problems in absorbing, emitting, and scattering media. The
fully implicit scheme is used to discretize the transient term. A
moving least-squares approximation is applied to construct the trial
functions. The least-squares technique is used to obtain the solution
of the problem by minimizing the sum of the residuals for all col-
location and auxiliary points. Three numerical results are compared
with the other benchmark approximate solutions. By comparison, the
results show that least-squares collocation meshless method is
efficient, accurate and stable, and can be used for solving transient
radiative transfer problems in participating media. For two-
dimensional problems, if the order of monomial basis is six, the
dimensionless size parameter should be within the region of 2.0 to
3.0, and 2.5 appears to be the best choice to obtain a stable solution.
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Fig. 8 Effect of �MLS on the stability of solution.
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Fig. 10 Dimensionless radiative heat flux profiles along the symmetry
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